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Abstr act

À model for multispecies þ ï -exchange kinetics based on the Nernst- Planck equation is suggested. I t is analyzed
in comparison with the " locally-determinate" model described by Hwang and Helff erich [1]. The model makes

ðî çÿ Ûå simple computation. The conditions for the occurrence of unusual kinetic curves with à maximum are
clarifi ed. The proposed model is developed for diff erent types of kinetic problems and verifi ed by the experimental
investigation of à kinetics in ternary systems.

exchange, based on the Nernst — Planck equation
was developed by Y .-Ü. Hwang and F.G. Helf-

ferich [1]. The more readily solved model to
calculate the multispecies þ ï -exchange kinetics

is suggested in the present study.

1. I nt r oduct ion

2. Premises and physical model

For the kinetic model to be set up one has to
consider physical laws governing the movement
and distribution of ions in the |î ï -exchanger

phase.

2.1. I on ßè ê à

An interest to multispecies þ ï -exchange ki-
netics is dictated by the following reasons.
On. the one hand, à behaviour of complicated
þ ï -exchange systems cannot be adequately de-
scribed by the models for two-þ ï systems. On
the other hand, special features of the kinetics
are seldom if ever used in actual þ ï -exchange
practice and technology to create processes not
only with greater intensity but with the compo-
nents distribution between phases, more advan-
tageous than equilibrium one.

Nevertheless, the multispecies þ ï -exchange
kinetics is not suffi ciently investigated yet be-
cause of diffi culties in its modelling and ex-
perimental testing [1, 2]. The most rigorous
model for intraparticle-diff usion controlled þ ï

The |î ï fl uxes are operated by the factors:
diff usion and electric fi eld arising from the dif-

ferences of ions mobilities. The fl ux for ions i
can be described as follows:

( >)J ; = D; grad a; + v, à ,' Corresponding author .
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integration of nonlinear partial diff erential equa-

tions of second order. Our hypothesis for the
macroscopic character of the electric fi eld in an
|î ï -exchange grain makes possible to the sim-

plify mathematical formulation.

In accordance with the Einstein law the velocity
of drift of the ions in the electric fi eld can be
expressed as follows:

~

— - D ; z; gr ad yR T ( 2)

E qu at i ons 1 an d 2 giv e th e k now n f o r m o f t h e

N er n st — Pl an ck equ at i on :

F

v; = b Z; F Å = —

3. Macroscopic model of þ ï -exchange kinetics

(3)~ = — D grada; + z;a; grady
RT

L e t u s d e fi n e t h e av e r ag e c o n c en t r a t i o n o f

i o n s i i n t h e so l i d p h ase as f o l l o w s :

1
à ; = — a ; d V

<î

A c c o r d i n g t o t h e G au ss t h e o r e m an d t o E q s. 5

an d á :

ä à ;

2.2. Materi al balances in the exchanger phase (ton
exchange wi thout chemical reacti ons)

The total quantity of given type substances is
constant : ü

— — (J ();n ) ( 7 )

d r

M ass fl ux through this surface determined by Eq.

3 is:

(4)à; , + div J; = 0

2.3. E lectroneutrali ty requi rement to the

i n trapart i cl e dig usion p rocess

~

A i = — + i grad ~a; + — z;a~' grada

Equations 3, 5 and 7 form the base for LDM,
which was numerically solved in the papers [1, 2].
M athematical expression for ionic fl uxes without
space derivatives can be formulated on the basis
of the hypothesis mentioned above (electric and
concentration fi elds are essentially macroscopic)
and the fact represented ø Eq. 7 (the function
à;(~) is determined by the space derivatives at
points of the ion-exchanger surface). In accor-

dance with the hypothesis, à linear combination
of concentration and potential gradients can be
presented as functions of à; and ó . Assume, that
such à function is 1ø åàã and the following equality
for Õö works well :

The sum of charges of counterions being un-

der the thermodynamic equilibrium is equal to
the sum of þ ï -exchanger fi xed charges (func-

tional groups charges) :

z;a; = z;aa; — — àî = const Å (see A ppendix, 1) (5)

The left Eq. 5 is an approximation. The time
it takes to establish any local equilibrium is by
orders of magnitude less than the time for global
thermodynamic equilibrium in the system (ion-

exchange grain). Therefore, in the context of
description of macroscopic process, Eq. 5 is close
to the exact one.

A t the çàë å time it is imperfect compensation
of the charges that gives rise to radial dipole
moments in the grain and causes the centrally
symmetric electric fi eld, which tends to elimi-

nate these dipoles. This statement is the main
distinctive feature of the model proposed be-
low from the " locally-determinate" model [1, 2]

(LDM ) ø which the arising electric fi eld is con-
sidered at the micro-level . The use of LDM leads

to challenging mathematical problems related to

z;a p; gr ad î Þ =
RT

grad ()à; +

2àï— (àù — à;) + z;aã' (po )

(à , u> — — const) (8)

The magnitudes àî; and y~ are taken for the
grain boundary in LDM representation only. At
the same time, these parameters characterize the
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þ ï -exchange equilibrium for the whole grain in
the framework of the macroscopic model (Ì Ì ).
For the intraparticle diff usion kinetics these state-

ments are not in contradiction. Equations 3 and 8
can be rearranged as follows (see Appendix, 2) :

da; 12à

5 . E x p er i m en t a l

T he fol lowing þ ï -exchange systems were

used in this study : strong acidic cation-ex-
changer K U -2-8 " K himreactiv" , Russia (styrene-

divinylbenzene sulphonated resin which is anal -
ogous to the D owex-50-8), in Ì à+4 î ãâ and

solutions of m ixtures of potassium chloride
and stront ium chlor ide with the concentra-
t ions 0.075 — 0.13 and 0.0024 — 0.089 mol/1, respec-
t ively. T he root -mean-square grains diameter

of special ly selected fraction of the resin was
0.064 ~= 0.013 cm, the solut ions used were pre-

pared from reagents of Ðèãå grade qualifi cation .
T he analyses of þ ï composit ion of the so-

lut ions were performed by the methods: atomic
absorpt ion in the fl ame of acetylene — air atomic
emission in the fl ame of propane — air .

T he experimental procedure, well -known as
" shallow-bed" method [5] was used in the fol-

lowing manner : for à fi xed t ime the working
solut ions were pumped with large enough fl ow
rate (around 25 cmÐ/s) through the small por -

t ion of the cationic resin (0.1 — 0.2 g) pl aced in

an exper imental cel l w ith the bed in thickness
of one grain . T hereaf ter the process was rapidly
interrupted by special three-channel cock and

fl ushed out by dist i ll ated water . T he contact time
in each kinet ic exper iment was controlled with
an er ror not greater than 0.5 s. A fter prior ai r
drying and weight ing the loaded probes of the
cat ion-exchanger were treated by 0.01 mmol/cm~

solut ion of barium chloride at static condit ions
by the smal l successive port ions of this solut ion
up to the complete desorpt ion of potassium and
stront ium . A fter that t reatment the ions con-

centrat ions in the total col lected ÷î 1ø ï å of the
solut ions were analyzed and used to calculate the
sorbents phases composit ions at the fi xed t imes
of k inet ic process and to plot the kinetic curves,

as shown in F ig. 2.

~

Ä 4dt

x D , à ;

~

à î ~

~

( 9)

The constant à = ò ~/ 3 can be determined from

the asymptotics of LDM and Ì Ì for spherical
grain at t -+ oo.

On the assumption that yp — rp = 0 in ex-
pression 8, the well -known Å. Glueckauf kinetics
approximation [3] can be derived. À principal
limitation of the Glueckauf approach is that the
parameters D; are time dependent. In our model
the diff usivities Ð; are constant parameters, and
the potential y is time dependent.

4. 'Fypes of kinetic problems

(1) The most simple formulation of kinetic
problem was given earlier [1]; it can be repre-

sented ø the following manner :
— given: z;, D; , àîñ/àî and a;(r o)/àî (i = 1,

. . . , n) ;
— required: interrelation between à;/ àî and
ò = 4DÄt / d .

(2) The kinetic problem with the implicitly
given parameters is more challenging, and this
one frequently occurs ø practice:
— given: the total þ ï -exchange capacity of the

sorbent, àî (meq/g); the average diameter of the
grains, d (cm); porosity in the bed of the swelled
exchanger, s; the ÷î 1ø ï å of the bed (cm~) ac-

counted for 1 g of dried mass, w; the charges
of functional groups and the þ ï -exchange equi-

librium constants of diff erent pairs of ions, Ê ;~;
the charges of ions, z;; their concentration ø
the external solution ñ; (mmol/cm~); initial ions
content of the sorbent, à;~, î~,.

— required: t ime dependence of z;a;.

6. Results and discussion

The example of Problem 1:
— in the paper [1] à numerical solution on



è À .Ì . D olgonosov et al. / Reacti ve & Functi onal Polymers 28 (1995) 13- 20

the basis of LDM was presented for è = 3,
<3(r=O) = <o' D, Î ã ' ~ ç = 5 : 0.2 : 1; z> — zz —
2ç, ~î~/ <o = 0.6, àéàã/ ao — — 0.4. We considered
this problem from standpoint of MM . À compar-

ison between results of both models presented
ø Fig. 1 demonstrates the acceptability of the
premises made in the macroscopic model. A n
unusual kinetic eff ect is markedly seen in the
curve for ions " 1" : à maximum with the coordi-

nates (0.26;0.7). The investigation of this eff ect
by Ì Ì resulted in the data presented in Table
1. Some conclusions concerning the maximum
arising in kinetic curves can be made: à) à max-
imum (an overshoot of sorption uptake in com-
parison with an equilibrium magnitude) arises
in the kinetic curve for the most mobile þ ï of
competing ions; this conclusion is similar to that
ø the paper [1]; Ü) the diff usivity of à compo-
nent being desorbed has to be greater than the
diff usivity of at least one of competing compo-
nents; ñ) the larger the diff erences between the

0 .8

~

î .ã

ý î . s

Ô

0 .4

l5 / / / / 1 ã

ë
Ã

1 1

ã 4 6 â
7 = ( 4 ê2 0 /ñÐ ) ñ

Fig. 1. K inet ic curves of most mobi l competing þ ï (1) ,
of another competing þ ï (2) and the curve of þ ï be-

ing desorbed (3) . Ternary ion exchange si mulated by the
models: L D M (dot ted l ines) and Ì Ì (sol id l ines) . Condi -
t ions: as« pl = aa, D t . Ð ~ . Ð Ç = 5 :0.2 : 1; zt = zq = ÿç,'

aat / aa = 0.6, àù / aa = 0.4.

'fhble 1

Overshoots on uptake-versus-t ime curves for the most mobile

þ ï

Equilibrium
uptake Ä ~

Relative
overshoot Ë Ä,„ / Qt

Î Ì èÿ ÷Ø åü rat io

î
î .ç
î .ç
0 .2 1

0 .16

0 1ç
0 .08

0 .06

0 .04

ã.çî
0 .75

0 .35

D ] / D ç
1
2
2
2
2
2
2
2

2 ( Î ] / Î ç = Î ç/ Î ã)

any
0.05
0.1
0.2
î .ç
0.4
0.5
î .ü
0.8

0.1
0.4
0.6

D ] , Dz ( Ð ] / Î ç Ô Î ç/ Î ã, Î ç = 1)
D ] > 1, Î ã = 1 any
D ] = Î ã < 1 any
Î ] = 1, Î ã = 0.5 0.1
D ] = 1 Ð ã = 0 5 0.2
D ] = 1 Î ã = 0 5 0.5
D ] = 0 4 Î ã = 0 1 0 2
Î ç = 0 4 Ðã = 0 1 0 5
Î ] = 0.4, Î ã = 0. 1 0.8

è
0
0.11
0.10
0.04
0.86
0ç ò
0.11

diff usivities of competing components and be-
tween the diff usivities of the component being
desorbed and the slowest competing component,
the larger is the eff ect; d) the smaller the equi-
librium concentration of the most mobile com-
ponent in the ion-exchanger, the larger is the

eff ect.
The examples of Problem 2 are given in Sec-

tion 5:
— experimental kinetic curves for Ê+ in Fig. 2
show the maximums according to the theoreti-
cal predictions for the multi-ions systems. The
calculated kinetic curves, as Fig. 2 shows, agree
satisfactorily with the experimental ones. The
calculations were performed by Eqs. À 7 — À9 with
the parameters for special conditions of each ex-
periment : characteristics and initial ions content
of the sorbents, some physical characteristics and
composition of the external solutions. Equation
À 9 also involves selectivity coeffi cients of þ ï ex-
change Õ;, and equivalent conductivity of com-
ponent ø solutions Ë ;. In actual conditions one
should take into account that these parameters
are the functions of concentrations ñ;. These
data are presented ø Table 2.

The empirical expression of the Onsager law
type:
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experiment No. 1; (Ü) experiment No. 2; (ñ) experiment No. 3.

calculate the actual values Ë ; of the internal so-

lutions. Under these values of parameters, the
experimental and calculated data are most close.

(10)

with Â = 54.4, r = 0.15 and Ë~; — the tab-
ulated equivalent conductivity — was used to

î Î

1 I I I / / ! (ñ )

20 0 4 0 0 600 600 100 0 1200 1400 1600 1600 2 00 0 220 0 240 0 36 00
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effi cient Ã;~ ø the form,

y i i i[W(1 — e)]

The parameter Ã;Ò forms à part of the expres-
sion for the intraparticle diff usivity of ions i~

R ÒË ,.( ( F ~zE)

bent phase. Hence, the ñî -ions " / " in the sor-

bent are really the fi xed ions of functional groups
only (æÛÛ )~ = Î ). I f so, Eq. 3 gives J~ = Î , and

then

This equation and Eq. 4 lead to Eq. 5. (# ~)

2 . E q u a t i o n s 8 an d 5 l e ad t o t h e e q u a l i t y :

2 ñ z -
g r a d ~ ~ð ã ~ , à î = ó ã à ä ó ~ z , a ; (À Ç)

À physical meaning of Eq. À Ç is ø the statement :
the average electrostatic force (along the radius
of à grain) acting on the ionic dipoles is equal
to that on the grain boundary. So, the kinetics
equation can be formulated as follows:

da; 12à

g a g1 + Ã.'~~
ò

The deduction of this equation can be clari-

f i e by the model based on the assumption that
ions only move in the solution impregnating the
ion-exchange particle and they are fully motion-

less at bonded positions.
Interferences to ions motion by the exchanger

matrix are neglected in this model (to suffi cient
accuracy this works well for polymeric þ ï ex-

changers [4]). Let us consider the following main
reasons to deduce Eq. À 9:

(à) The motion cycle made up of two parts,
À and Â : the total time for ions translation from
one point of the particle to another constitutes
the residence time at fi xed positions, À (fi xed po-

sitions time), and the time of ions movement, Â.
(Ü) Ratio between these times for à singly

charged þ ï is equal to the ratio of concentra-

tions of these ions in the associated phases; for
linear isotherms this ratio is the valid distribution
coeffi cient (having regard to phase volumes) Ã;~,
and this gives expression À9 for Ð; at z; = 1.

(c) The concept of probability of location in
one position or another is ò î ãå suitable for mul-

t iply charged ions. The ratio À / Â is equal to
the ratio of probabilities 5 'ä/ Wq (in this case

Wq is probability for an þ ï to have at least one
bond with matrix), but the ratio à„ / cÄ = Ããã
is equal to that between probabilities for ions
to have bonds of one confi guration or another,
W, ~/ W,ä (index "å" is assigned to locally equi-

librium magnitudes) . For example, W,ä for bi-
nary charged ions is probability to be concur-

rently bonded with two functional groups. The
magnitude of this probability is equal to the
square of probability to be bonded with at least
one functional group: È'åÀ — ~ ~ä (~ åÂ — Wz).

Similarly, for z: W,ð, = Wz .

— = — x

~~

Ä Ë

x D; àö — à ;

( À 4 )

( À 5 ) w h e r e t h e e x p r e s s i o n à 1 ( ã ð ä — y ) i s d e r i v e d f r o m

t h e f o l l o w i n g c o n d i t i o n , w h i c h i s t r u e w i t h h i g h

a c c u r a c y ( a s E q . 5 ) :

z ; d a ;

= 0

dt

So :

(Àá)

3 . T h e c a l c u l a t i o n s o f t h e p a r a m e t e r s o f t h i s

k i n e t i c p r o b l e m w e r e m a d e i n t h e f o l l o w i n g m a n -

n e r : e q u i l i b r i u m p a r a m e t e r s ( a o; ) w e r e c a l c u -

l a t e d i n à ñ ñ î ãé à ï ñ å w i t h t h e m a s s - a c t i o n l a w :

Ã ,. ~" = Ê " Ã
i j ( À 7 )

w h e r e Ã ; = à ö / ñ ; i s t h e a c t u a l d i s t r i b u t i o n c o -

e ffi c i e n t f o r c o m p o n e n t i ' . T h i s p a r a m e t e r i s r e -

l a t e d t o t h e v a l i d d i m e n s i o n l e s s d i s t r i b u t i o n ñ î -
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